Library 

U. S. Naval Postgraduate Scbocfl 
Monterey, California 



THE GlsOUIID CSCE OP HOIXD ISILXUH ISSjSE 



A mssrcsvEEOB 

BimrnK) TO TBB H3MIBSEIR* CP KSfDXCS 
AID SEE COKSTKE CB THE OiWXWSS D2W2EICSI 

<5 

0? GTAHPOXD tsnvurOT 
HI PAjCXAL PUimiKSK? OF KID I**U3 CSGKD 
FOR fSE JEGIHD CP 

doctor cf imLcoaw 



Edfafcrd Koaoil Csvndcrs 

H 

April Xy6l 



AcxxQMzmtzj-z? 



!2ic author ic greatly indebted to Profosno r Iaonard I. Gehiff 
for oucccstinc thl# prohlea. Hie generou o encourafl^aeat and effective 
teaching -ajroi^jout thio writ were invaluable. 'Ihe author ia grateful 
to Profecooz' ¥. II. Fairbank for hio contlnx&Bg ancoure(j«a*tit and for 
aony ccnvcroaticuo concerning the (rsporhsc;itai data. 

fho author lo aica cmteful to H. Princltoff and II. Bernardos for 
several infortntlva discussions on the theory of solid fcelim throe. 

P, 0. l&nlin generously cave Mo tine to an ilhwismting discussion of 
the density matrix fewaalieo. Professor Hina Eyore provided helpful 
Guidance during c portion of the work, fbcrc -were many info;x».tivo din- 
cuooiona with Hr. John M. Coodkind and Dr. E. 0. Adana . She helpful cc~ 
opeimtion of Hie® A. L. Berg io wash appreciated. 

dho author, a lieutenant ccrtnander in the United States IJavy# 
undertook thio vork while a student under the Advanced Science Ciatrlcultat, 
a Davy educational procrerz sponsored by the Office of Havel F-cscnrch and 
the B-zreau of Ilnvnl Personnel, and administered by the U. 0. Ifeval Poot- 
greduate Cahoal, Ibntorcy, California, Ifctcriai export woo provided by 
the Poatgrad cate School cad the Office of Scientific i&soorch, U. S. Air 



Force. 



Pegc 

ill 



SABis a? camzm 



KaaXXlEB XS&ZEB . . . 

list op ximmumtm 



Che 2>tor 

X MSCItn*UG£I CP SOLID BBIZm 

Hero Goo Solids 

Properties of Atcaic and Solid Ko.lim ........ 

lie 11m Xntcrpartlcle Potential end 
the l&ny Body flwiltoaiea ...... 

II HEOLDSE OF SOLID H3I&1! . 

Soro-Polnt tbticn in Solid Belli* . . . 

Hieoricc of Solid I Jo Hun Pour . . 

Lheorleo of Solid Hollitt Okoc .... * . . 



1 

1 

2 



m 

3D 

13 

3iS 



XU 



a wm wm^im vebi oonrsidiiaB— ran pibvxhwge 

HRSBOD 



ry*>. 



Ifeaaing of Pcitdcle Correlations ........... 

Use of tlie Intorpertiole I& stance in Deecxdtdag 

Correlation Effects 2? 

Ha© Pluvdnoge Method 29 

Hcnovnl of the Singular Ihtcrparticlc Potential ... 35 



XV HE EAR* BOOT PG03IEM HI SOLID JEHU I SILLS ....... kl 

Density Ifotrix Pomukxtioa of the I limy Body Problen , 4l 

Single-Particle Density 44 

A Solution of the Density Equation for 

Douse Colido 49 

Singlc-Particlo Ihcrgy Density 03 

Enhance Sac rgy 69 



ottiPAniscff wx*i ummun? 81 

Elastic Effects Cl 

Exchange Effects 

Conclusions ...... 90 



£V 



v 



gftiac CP ca?IHr,n (CoaUauad) 

Bsge 

AHWEXCIH . . 97 

A TIE aiWAnVBO CS? r iTE warn IfWraCST «29K 

xiis^Anssgzs PA»isasa vO 

B OOUISXCH OP 2HB COEaEWHCtl AIPIiaEE ECUATIC* .... 203 

C HQSI-IjOCAL AVSIBAGI1JG 103 

D CATCUEifflliQB CP KE 2I2K3 CP SEE JZm$3ZrmL Em ... 123 

2 OAIIPIS CAICaiATiai op & 2 ..... . 11.7 

p 'us txwEinj&soii *k> tie mzxrt ce? tie 

FXlOTBiftCB S&TCJfflNffiXCR IlG 

c sec coawuTiaf’iEcamf hunk mes? ........ 123 

h bobnmjmocii a? se have fui&txot 227 

CIOOGATS 135 



V 



list o? iiiaassfiffioos 






K.fiure Pace 

1 Particle Correlation 2!? 



2 Correlaticsi Applituks 39 

3 Correlation Probability Density **Q 

4 lattice Dm for 7uo~ OfcaeriGlan*! Square lattice 5^ 

5 nienenta of tbc I^csritiwiio Cun, c vn . Plotted 

Agsinat rso&lol Diataacc 60 

2 

6 Sic Probability Density Parameter 5*“ Plotted. 

Acoinat lattice Constant o for Body-Centered. 

Cubic Eteliun *3ireo C>2 



Cohesive Hmrcy and /sctlvatioa Snorcy of Unclear 



Doconaace Pelcuxstian 03 

0 Pleasure vs lattice Content C>9 



Ciisceptibility Data of Mens, Ifcycr and Pairbond .... 09 

10 Curio Teasperature for Preoouro of 39-7 ata 9 l 

11 Curie Tac^nrturc vo lattice Constant 92 

12 Coordinatco for lone Dance Aver cs^lnc Infcccml 109 



vi 



CHARIER I 



2B3C3XmOB CP SOLID ISL2U1 



i'&re Cc.3 Colido 

Ux s physical properties of the solid phases of the "rare oao M 
elnaento arc of particular Intercat tosc auoc their atomic electrons occupy 
fully closed sheila, and the only chenicei binding force is the weak von 
dec Vaals inter-action. She physical properties of these ooilda are thus 
in rmny roajwct® no re open to analysis then noct other go lids. Further, 
the vaatcntM of the interparticle force gives rice to definite qtaantir:-* 

aechmical effects iu the taotloo of the atone in the condensed state . 

1 

Dobko end Joneo have written on extensive review of the c;:pex-i- 
nental end theoretical work an these aolidc, with enphosic or. solid argon, 
ihey show the importance of the quant vn-ncchorii c c.1 isero-polat energy by 
listing the ratio of eero-paint energy to cohesive energy for the rare 
caeca ( listed in order of deer canine ataxic vei$ht); xenon, 0.031; 
fczypton, 0.054; argon, 0.097; neon, 0.311; fecliun four, 3*92. Hence, 
ordinary classical lattice dynamic o applies to xenon, krypton, and argoa, 
with snail quKittn-rascfcmical corrections . I Jeon con be treated adequately 
by including enk&znanie ttras in the inte retard c potential. Ba.?cvor, 
helium is of ouch low atonic naos that more powerful techniques oust 

*E. t. Dobbs and 0. 0. Jones , theory and Properties of folid 
Argon. reports on Progreso in Fhyoico, Vol. XX, 516 (1957)* 
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be eciployod.^ Further, there is also an isotope of atoxic weight three, 
vfalch has spin 1/2 and obeys the Festal -Birec statistics. 

2iio thesis is directed to tire tno’r. cf describing the ground state 

3 

of Bo in a ucy which includes quantum effects la the basic formliwa. 
ihc description of the {pound state will be used In turn to oalaulato 
physical quantities which will be compared with ei^partocntRlly observed 
quantities, 

Beraer’dao and Prloshoff'* (hereafter torrjod B.P.) have presented 
a theory of eoiid Be and have draw. extensive conclusions fron their cp~ 
proximate grocad-atate wave ^notion. Hie present verb io rsolniy an 

-i 

attempt to give a aorc acoumtc description. of the ground state thca the 
formula ti on of B.P. 

.Properties of Atonic and Golid He line 

h 

Bo lid He poooesces no ouch start 11 eg properties as the liquid 
phono. Hiere has been no ouch intensive explication of powerful theoret- 
ical toolo to the solid, m there has been to the liquid. However, ranch 
eupcrloartal vorfc has been performed, end theoretical eiplaoatica saade of 
the observed re*ultc. Bevcrol review of the proper tie a of solid Be 

o !i p» 

howo been published. 3 
2 

G. Daub end J. 8. BugdnlCf Solid Bolins. Progreso in low 
Ta^pe-v,tm. , e Hxyol co, Vol. U (C. J. Carter, editor Ihtertclesce Publisher 
Iim/ yorli, W/5 33b. 

%. Hiwii and II. PrinskolT, Phyc, Bev. lib , $>66 (1963.). 

Ji 

T. leaden , Superfluids , Vol. 21 (Vilcy arid Bono, Wmt ¥orh, X95*u 

fT 

nt. B. Atkins, liquid Ifoliun {CcrtelGge University Press, 
Cambridge, 1939 ). 



Oincc 1543, lie 3 has boon mdc ovidlabie in increasing mount*? , 

and there lias boon considerable recent uork ultb this leotof*. Xraad 

r> 

discussion or the properties of liquid aid solid lie ic contained in 

, „ 4 , 5 > 6 ? 7 ? 6 , 9 , 10,11 

several {sources. ? 



2b© nuclear newest of Her ic - 2.1274 nuelmr mgjmtona . Its 

i /** I 

atcuie noon (on the 0 ' J scale) ia 3*01693? "while that of De # ic 4.03336. 
Properties viiich ere directly due to the atcalc electrons arc the eerie 



for the tw isotopes aside fren an e:rtreae2y assail effective aaos correc- 
tion. ahece effects include atonic spectra and the interetoesic potential. 

^ 4 

At atnospfceric' pressure. He', like lie , retrains liquid at absolute 

•» 

aero temperature. Crystallisation takes place or. application of ©boat 
30 atn of pressure. A pressure of twenty-five ntn is needed to solidify 
He**. 

3 

ihc preportiee of solid Be Iwv© not boon thorougj'ily explored 



ecipcrinciritclly. Ihjch nuclear resonance o: perlnent eti an has been carried 



6 

E. P. llcjncl, the Lov IVrporature Ikxjpcrtleo of fleiit» Ihroo. 
P rogress in Lou Ito^erature Physi cs, Vol. I (C. J. Gorter, editor, inter- 
Bcicncc Publinhor, Dew "for!, 193T77 p» 76* 

7 

'V. ?. Feohkov and X. X. rdnoveva, 14 sports esc Progress in Physics, 
Vol. nn, 504 (1559). 

^ Woceedixico of tho Py^poolvsn on f-oiid and liquid Keilun three 
(Olio Gtcto University,' 19W)**~ 

o 

•" Tollm Th roe (J. 0. Daunt, editor, Chio Otcte University Press, 
Colmbus, Chio, i”7x)J. 

^Ptt>cccdlnga of the Ccvcnth International Conference on lou 
Tnnpcrotiirc thysies ToT II. Grriicn and A. C. Hollis Ballet , editors. 
University of 5bronto Press, 1,61) » p. 563* 

il D. X. Crii.ly and E. F. M> Uqaid end folia Ik? 3 . Progreo o 
in hrn? 2a^raturc Hayoico , Vol. Ill (C. J. (Sorter, editor, to be pub- 
lished) . 



Data on the FVf 



out. W. M. Fairbanb hno reviewed thlc waste/* * i 
rdritlofishipa near the neltiag curve have been published by C. 2. Grilly, 

T. 0. Cydoriak, end ft. L. Mi Ho ./ and by Grilly end mile. Date on 

thermal conductivity imve been published by 25. J. Uelber and II. A. Fair- 

0 

Ixva'i. 

Detach, Grilly end Mills, ^ through X-ray diffraction, have found 

■5 

that solid Ikt es&oto In two phocoo. She oo-eolled a phene, a body- 

eentor cubic configuration, eretets at preonuree below about 200 ate, and 

the 0 phono, of heneepn aX closc-pachci structure, e::i»ta at higher 

pxeneureo. tele phone transition was also observed by Grilly and tiXllo, 

* 

cn a systematic discontinuity in the specific volrne. 

FreUrdnary r.icaoura2ontc of specific heat of the solid have been 

r, 

m&c by Edvor-do, Bau», Brcver, Daunt tad tfeliilHens." Sic prcccore- 
tarapextiture dependence of the Kelting curve lion bean, obtained to 0 . 06 ,J K 
by the oaje groxg?. they find the entropy to have n constant mlxit close 
to RJ»£ over tec rang e 0.0?° X to 0.?° K. 

She principal aocmly in the behavior of tec colid lies in a ssLni- 
m in the welting pressure curve, plotted ao a function of temperature, 
at p * 2b* 3 ate, T « . 32 * K. She cteotenco of tiro rdnirr.n io aecaapeiied 
by interesting effeeto, including a negative teen-sal o.-panoiorr coefficient, 
and the consequent possibility of molting tee eoiid by levering its 
tenperature at coixotant preocurc. Ey the Cano i un ~C lapoy ran cqxsaticn 

J *lK n. GitLlly and K* L. mils, Arm. Flr/e. 3, 1, (2£»). 

i3 A. ?. Detach, 2. (U Grilly, end n. L. Mills, Phy». Hov. HQ, 
m ( 1953 ). 
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Uie erletooce of hlfjier the iTJodyncaai c order in the 11 qvd.fi then in the 



ooiid vouid yield ouch behavior. 



2ho Hellm Interp&rtielo Potential and 
' die ! tony £bdy Efcnlltanlsn 

Ihe otatlonary state;* of an oQ^recnto of belitra ntcxio are solutions 
of the Schro&inger equation 

V*« = S n 5 n- < l > 

vhere la the way body Hamiltonian involving all the nuclei! and all 

the electrons of the eclid: 






.1 c 



rc o k o 

I |r V- 2 rr: ? 2 ^ T’ 

i“l ■~ 1 0 i OPl 'l,J r lJ 



'V. (x l • • • *S *1 



■ y. ; ) - v^(r, • • ■ y. ; ). ( 2 ) 



hero 1 labels one of the h elcctronn > a label* cue of the 
n nuclei! , the X i label all the cooidimteo (including coin) of 
electron i. fluulcnx* aoordlnatoo are described by the y'c. V ^ and 
V axe the nuc lenn-c loot x'on and nuclcvss-nueleno potential energy. 

Following the adiabatic approximate of &?cn and Qpfpcrheiaer } vc 
separate into a part depending upon electron coordinates that contains 

Bom and #. R» Oppcnlieincr, ten. PbyniL , S4, b f //l (1..G?). 










K •.< 
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auclear coordinates go parccse tcra , and e part depending only or nv clear 
coordinates 





*K> <* <*X> 




We define the port of 



depending on electron coordinates 



end nuclear eSwuBceo ao B^. 2 ben 



“• V • • • T» • • • V - E e,y y/ y , . . . v Jh-*lO’ 

(3) 



where vo show the Gchrodiiigor equation for the electrons , from vfxich vc 
obtain the electron cnertjy and state, for a particular arrangement of the 

a 

nuclei! described by the values of the poronctero (y 7 , . . . y* ) . 

15 

Shrou^i application of the adiabatic pppronication# ' where ue 



include the functional dependence of B r> «a& ^ on the y'o, ocjrxtlRg 
only Hint the electron nation cm adjust at ovary inatant to the chancine 
pooitlono of the nuclei!, mid with the notion still date mi nod by ( 3 ), 



vo obtain 



U 

z 

e. a l 








> Vc. 



y*# * 



NO 



Vo nee fron tliic development that the later, vaeloar potential E q 
[ for that is the role it playo la (^}J io a function of the poaitioas of 
all the nuclei! , and laaulto fron the presence of the atomic electrons 
and nuclear charges * 



15 



A complete develops** t of the •filabotic approribnation applied 



to the present problcc. is gi van by F. ^eitn in Ifc 

(Me Gmw Hill Ifcck Co., Inc. , lieu York, 19 &>) p.~ 570 . 



obtain on erplieit fom for £ , detailed study of ( h ) la 

required. 

Hireehf eldar , Curt! a o and Ulrd" have described the cawEOnly need 

pherraccnoiogical forns of the Interaction potential of Ko r atone, end 

17 

have civen an over vie-/ of the theory. DeBoer ban coqnored eeveral of 

those ferns of the potential. Hoorc^ ban node a recent contribution to 

the theory of the repulsive core of the potential. 

At distances largo coqpored to the Bohr radius, the interaction 

of two helixn atorro as described by (^} io cheracteri sod by the van dor 

Waals interaction, which arises froci attraction between the electric 

% 

dipole MOMseito mtuelly induced in the electron o here© <11 ctribvitioan . 
r Zila interaction energy depends inversely an the sixth paver of tire sep- 
aration distance r of the atoc io. Shore are also higher order tmsm; 

.0 

the next io tlie dipole- <icndrtg?ole eaorgy, which to proportional to r . 

At aloca distances of approach, of the order of two Bohr radii, the 
potential is steeply repulsive, roughly proportional to o~ ‘ (r in /.). 
Hie electron clouds are stabilised around each nucleus cad strongly repel 
each other when they start to overlap because of both Coulanb repulsion 
end the Fnuli principle. 

dhc phoncacnolociea.1 form o? the potential have been obtain : d by 
fitting the theoretics! form for tlie potential to the teqpeitituit! depend- 
ed. 0. Hi loclif elder, C. F. Curtiss end B. MrS, Ibleculor 
T heory of Cason end Liquids (Wiley and Bono, lieu Yorfc, !j~A) pp. 10o5~ end 
iyb. 

17 J. D=3oar, JkfUm 84, 0 yl, (1933). 

% Ifcore, J. Chess. Hvys. k'Jl, (ly6o). 






cncc of the second viriai coefficient of the rave gases In the coatoua 



state. A £o,s» of the potential which hoc been calculated \tf.th low temper- 
ature data end \#xlch line been found to predict the ririni coefficient vith 
Cpod accuracy to at leoat 1* -i is that of Buefclr.£$xc», IlcealltQts and Jfcosoy,'*''' 



hereafter tornod 2bio potential has the fort:: 



V(r) « [770 
V(r) • [S‘77 





c 




x K)" 15 org 







r a 2.61 A. 

(5) 

erg v •" 2, Cl A, 



Analytical application of thin fora would lx* difficult* taver, the two- 
parcaeter potential of Lsxserd -Jones 

»(r) - ^*[(f) 12 - Cf) 6 ] <c> 

vith c « 10.22® K, 0 * 2.556 A, gives a very close fit to the B.H.M. 
potential. Its behavior In the region of severe repulsion voriao frees 
that of the store precise B.H.M. forts, but it vill be apparent later that 
this deviation tahoc place in a region of ouch high repulsive potential 

gQ 

r,o to leave physical results unaffected. 4 ' 

Ibrcc beli.ua atcao In proxies! ty undergo a three -wey induced dipole 
interaction# which follows the relationship’'* 



to 

"h. A. Buclinchcsra, J» Ilaollton, and H. S. “J. htesscy# Pros. JKgr* 
foe. (London) Al?p# 203# (15&1) . 

20 

It I a later demonstrated that tire basic physical effect of the 
repulsive core is to xa&uco the probability density obtained frees the nary- 
body verve function practically to aero. Hither ?om of the potential is 
equally effort! vc in this regard. 

2X P. itooen# I. Chen. rhyo. 21, 1007# (1953)* 



ie the distance botvoers atom a cad b aMcmred in Bohr 



^.crc r eb 

radii, S ab , is the inducted triple dipole cricrcy, end is the two- 

body energy. In eases of interest to \* r . > 2.3 A. ihen 

GU 

33 . /(E , ♦ E * E. } ic of the order of 10**^. and so cun bo ignored. 

iujc ai> &c uc 

lienee vo arc correct in stating that E o (y^, * . . y.j) i« de- 
scribed adequately for our purposes by (6), and the ncuny-boiy Iteiltonien, 
vritteu to include oil Coulocb end electronic efforts ia 



n 



n 



a 



n 

£ 

a«l 



*•> 






o,b“l 




Shis Iiecsiltonion is valid under the following liberal conditions: 

1. iteperatui-o loco than ebcx.it 50° K 

2. Density loos than that corresponding to a nearest 
neighbor distance of 1.5 A. 












- - -w a. «■» • . 











CHAPELl II 



tgmgES OF SOLID KT.IZII? 



fero-Point Hatiaa in "olid Bel lira 



We shall xc the nar^-body Eteiiltonlan containing the nuclear 



position coordinates 



II » 





( 1 ) 



i/ith the potential 




) « 4 e 




o V 




6 „ 



( 2 ) 



between pairs of holitti atooo. 

Our purpose io to solve the r-dn'O&ingar equation, for the ground 
state of the colid, ^ and to obtain the ground state energy E^ , 
given by 



B <r rt (X , 




« H 






"2 




( 3 ) 



where describes all the relevant coordinates of particle 1, including 
spin, of any. nuot have the syonetry required by the statistics. 

-a 

For lie , which ’me spin 1/2 and obeys Feral -Dirac statistics, vo require 
that 

P “ (* i) p $ 0 
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uhero P io on operator which ponxateo the indices of the coordinates , 



and p io the rxirity of this permutation. *he state in (4) is noeoocarl ly 

ontisyrraetric under lnterebance of all the coordinates of two particles. 

4 

lie obeys Boce statistics and has a vave fu; lotion gycmirlc under inter- 
change of the coordinates of two particles 

? Ztooe *0 “ ( * 1)P *0 “ *0 ' 

Vo can use the ground state to obtain properties of the solid at 
finite tecjperGture by ctipeilnpoeinc phonons, end opin vaves, or cpplyi nc 
the molecular field theory of peraocepetioa. 

The potential (2} is characterised by a xrmk attraction at lore® 
v A , > a a&n&aua near 1.122c, end a strong repulsion inside r » e. The 
tuo parameters o and e can bo assigned values to cive Good representa- 
tions of the potentials between rare gas atoms, and fair approximations of 
other systems, such ao nuclcon-nuclcon, nitrx^ea-nitropKj, etc. Hence ue 
can consider a broad class of problems by reducing (1), (2) and (3) to 
dlDcnoionlccG fora. Following the discussion of Demci’dco, 2 ' uc define 

~ \ 

\ n f > 

L 0 » B 0 /e , 

? ij “ r i 3 la ‘ !5) 

t{x) ’ ^f(x e) =* , 

end ? a o'- y. 

*11. Bernardes , Theory of Solid Kc' > , Holim Three {Bdited 'ey 
J. Haunt, Ohio Ctate UrJLvera.lty Press, Columbus, Oh io, iy6Q ) p. 115. 
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!2hc loot rolatdonohip is Given by (l/a ) 



uhcre the Isolation ic cchmati colly represented by the second partial de- 
rivative* 



Using the definitions (5)* (3) bee coco 



- a" \r (x. 





■where 




P 

X a 




Sin c 




( 6 ) 



Equation (6) applies to any physical cysten dsoerlfcod by tho two 
persnoter potential (2). dh e physical properties of a particular system 
arc all contained in the peraneter X and tho definition of Dq. Values 
of X for various substances arc: x*nan, ? 10 ; neon, 7 x 10 ; 

He 4 , 0 . 3‘+7 ; XJe^> 0.302s neutron-proton Interaction (80 /(Vq5.q**))^ 

(r^ ** nuclear radius in ferrcla, V^ » potential depth in Mev, X «* 0*3)* 

11x3 ideal situation vould pczatlt c general fom of V/ * ? ith X 
as a continuous parcactcr, but no ouch cir^pllfiod solution has beer, ob- 
tained fox* (6). 

r> 

In tho liisttlng coco in uhich X" < < .1, vhcre the qrsaxitxn 
aspects of V can bo neglected, vc obtain 



r* 

0 



“ '* r~ V(3L 
ij w 1 






X 2 < < 



1. 



( 7 ) 



In this case, the onrrey of the groaafc state is the potential 
energy lattice cue. Ebo expression (?) is valid. for noct solids, and 



ordinary lattice dymssics, including <$»aatlncd oound fieMo, start with. 

( 7 ) and Hewtoo 'a cccond losr. 

lor larger \ f the kina tic energy to:u of ( 6 ) (the eoro-polnt 

energy } ic an important peart of the energy operator'. 2 be theories of 

liquid holim and nuclear natter have the cocma central probicn of the 

liondlii^; of tixo trine tic energy tern olnultarjoouely uith the two-particle 

3 4 

potential* Solid IIc" / end He shore this difficulty. 

tEhoorloo of Solid Helixn Pour 

4 

revered, authors have considered the dy.Tnndcc of solid He . A 
brief description of their *vorh pertinent to our problem io given here. 

. 2 

(a) Hooton. has considered the chape of t he potential around the 
lattice site. *he saro-point notion csspaniSs the aolid 00 that the nearcot 
interpartlclo distance lleo outeldo the rdniran of tire tvo-perticle poten- 
tial. ihe rcoultant lattieo cm shown strong anhasaoniclty. Boo ten cp- 
pronSmtcn tiro insulting veil by a Ixurxwxlc oscillator potential thraueft 

a variational calculation in tlx; tliernolyrsaxLc free energy. Hie results 
give tire thernodyxicnic properties of a severely auharrvxiie lattice vith 
large aero point energy* Application of Mo rcoulto in vorhabic forxi io 
hindered by tiie necessity of raking Debye- typo apprordnfttiax;. Cxantm 
syacotry effects cannot bo obtained fran hla nodcl. 

(b) Bucher^ hao alco considered the detailed shape of the 

2 D. J. Hooton, Phil. Bog. 46, 422 (l 055) i HKL1. Bag. 46, 433 (1955) 
Hail. Hoc* 46, 405 (2255)- 

D I. J. Suchor, Proc. Bhys. Goc. (London) 565 (l55'f)« 



potential veil frea the lattice cm. I5e « 2 gpsadc the potential about t be 
lattice point (0, 0, 0) os follov/o: 

V? ** *v? 0 * W G (it t ' + '/' * s“) ♦ ^(i; 4 * y * * s 4 ) + Wg(;:^ + * s^), 

o 2 

thus i0ioring terras like 2 y > in order* to beep the prcblacj ocporable. 
In tbio arprecoiou. 



w n » ~ r, -5(r) 

0 d V* 

w-, c 5 - f* 14 (*) ♦ | * 4 (r)1 



U. «• 1/72 n [** v (r) + tyr ^(r)] 



V r « 1/2160 S f* vi (r) + 6/r > v (r)1 
° r 



uhero 'Hr) io the tvo~p*rticlo potential. She probltrt can be colvod as 
a superposition of throe oac-dirxrmiomi atdxmaonic osci lintoro > ucinc 
V U 2 end ff v 

Sucker obtains an equation of state 



P <3 






> 



uhere Eq repreoeatc the sero^point energy, end io a complicated function 
of and W^. Ao Sucker points out, Mo result ic uncatiofcctory; it 
io booed on eta Einstein nodel ervi therefor© ienoroc the effects of neick*- 
boro other than through the idealised potential. r diic conn! deration io 
in addition to the oeparability «g®a?oxir»tioa nnde above. 

(c) Duc?3alQ and 'rlocXtosmld^ calculate the onerey E(r) of a pair 



h J. S« Pugdale and D. K. C. IJacDonaM, Phil. Ifeg. 8SJL (1?5*) 




^**'4 • v* f * « > n* 










of adjacent atone separated by a dictate (A) in c rare gas solid, ''£wj 
aoninc a Xcnnard-Jaaoc typo potential energy, with a finr,t**or&or cq c/cctioa 
Fez* cffiharnonlclty effects. They further* aacuae that tbo kinetic energy 
contribution to the total energy iG proportional to the Debye tesaperoture. 
’She Debye tcccporature is aso\r*ed, in trail, to be proportional to 

O O * t/o 

(&^£/dr") . Uol:i£j these aDorapiions* they obtain cpod predictions of 

pressure vs valine re lationships and cohesive energy For the heavy rare 

4 

0ioco, and or&c r- of-regni tude results For He . 

'ihey Find that 



M S C V 0 2 : ; 
£L 



» 1.14 x HO 3 



“! " noleer mss, nrarn/rola 
Vq “ nulnr vo3.\»o> ca 3 /nolc 
IU *» color energy, cal /hole 



1,2 



e » Jl 1 A £4 
r ' n 4? 



K (Debye teqpcrattare, Q « lattice 



peutneter «"* unity). 



The value 1.34 * ID” 3 notches experhnental vs3.ucc fer Xe, Hr, 



A, Ho and Ho , with a modern error of Of. 

n •? 



ij 



The work 0? Keaton, Sucker,*' and Dugdale and IJacDonaM shown 
clearly that thesssal excitations caaaot be treated by straight application 
oF the Debye theory oF specific heats, and that the lattice specific beat 
at low tesaperatuji’ea zruot cone froa a no re fur«las*e:»tal eons i do rati 0:1 of 
the dispersion law For sound leaves in the solid. Their results include 
the effect of the oero-polnt notion, but they «2b not include a description 



of none than one atai in tlva lattice dynsoieQ (other then through collec- 
tive action in sound wavec). In other cords, they do not include the 
offset of notions of the neighbors of a particular atco on th* potential 
of that aton that arises frets the noic^xbors. 



gheoxles of Solid Ileliro Ihreo 

ate theory of solid lie has been considered by Dersardcs end 

a 5 

ihlixhof* (hereafter tensed D.P.) end by Demerdes . 

(a) Bernardos and Prlaahoff (lleitler- London, approach) 

In approaching the solution to (l), D.P. used the potential 



(2), end a variational ■sunn c function consisting of n product of Causal caa 



functions centered at lattice points : 




n const e 

3 




3 W- 



( 0 ) 



If JJlj is used to evaluate -ho energy expectation value, the 
similarity in the potential function yields an infinite result. TO 
avoid this difficulty., B.P. Modify the potential by a factor uhich elves 
the Unit scro as i\ , goes to zero. Choir effective potential is 

-J -in 







12 




( 9 ) 



lie cut-off factor c:p(- i c'^/rt'P) to chosen fox* cccputntia’jal 
convenience. She value of . io estimated by calculating Inxoua properties 
of lie using {[)), vith various values of c, until the boot fit is 



J IU Bernardec and II. Prtoaboff, Phyo. Lev. dip; , 963 (i960). 
^11. Bernardos, Hiyo. itev. IgO, 1927 (i 960 ). 
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obtoincd. Ia particular, the cohesive energy end s'oot-isecsa-cquare 

b 

derivation of ateno free lattice cites for He wore calculated by a varia- 
tional calculation using the peraraotor a. die value of c that gave the 
aost consistent results in these calculations vao then aaotned to apply 
equally tell to He . Using thic csoisqntion, they obtain the e:cpoctation 

3 

value of (1) for the lie nose; 




a Ifc ',1 Q + lie U 0 (10) 

„S _N 

■vtoeve r* is the coordinate of particle 1 in a franc with I’., , the 
position of the lattice point i, os origin, and the integration is per- 
foined over all space . die specific voluae V enters through- 
die aocvnption line boor, mode that the effect of Introducing symetry Into 
the wav c function hoc a cnedi effect on K and its variations. B.P. use 
the co,idition 

rfe !: “ 0 

to find K. 

Having found a value for a go a function of volume, B.P. fora 
a cymetriaed save function and calculate an cncheng* energy: 



